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DD ILDF®, (1) IKOWTEBIIRE N, (2) KOWVWTHFEMIC K 231 — 72K L TE 2T
R,

5l 5.2. AIETIOFERZBE TSI LITLD, 916,919, 938, 939, 941, 940 IR 9 RBMLATDIET 7 4 N—FEUH
D55, EH51 DWTNLDREZ M2 IRV DDIX 815,912,925 D3 DDATHDZehbhb. Zb
3 ODFECH IO WTIHERNC R E kD 7=

s = Y1¥2 Y1 'Y2ysys Y3 s

lo,, = Y1z Y1 v2usys s Y4,

lo,s = Y1¥s Ysya¥s Y3 'y v

925

916, 919, 938, 939, 941, 949 2R 9 REUTOIET 7 /f/\—/%()\ﬁbiﬁ‘f\’(', HB il OWT LN S Yi Ok
BOGEFD0 L2 2 LITERT 2.



M EDRERDS, 9RHEUTDOREIDDIEZ » A N—FEUHEZELORDHE T Ly Y 2 VETHIZOWT,
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6 A . ¥EI#HEBEZER O Milnor R7 1) >J

AECIIEH & U CREHEEZEF O Milnor R 7 ) ¥ 7 %8005 H 3 %, Milnor 7 Y > 713 Blanchfield
R7ZYV TR LTA 7 20 MR VIR T Z 2 25 0% 50T 3 ([Lit, Theorem A.1] & [Erle, Satz
4.4 BIR) . KX TR vy THEZEEAE T 2008 LWHEZRIES 2,

A TR DA, M ZHEE TR X[ ZIE 5072 3 ek e L, 2FERE o . (M) — 7 ZEE
T5. $7/e M TEASMEET 2 KEHEEME §5. ¢ M - M 2 HEERE T5.

6.1 Milnor R77 Y > T D%
O, INF—IZROIERZ R L7

T’ 6.1 ([Mill, §4)). Q 2 EHEEL F2. M oFHKAERY — H, (M;Q) ERIILL F2. =D,
HX(M;Q)=QTHH, XD v 7TRIEIHELTH 3 :

—: HY(M;F) x H'(M;Q) — H%(M;Q) = Q.
EHIEREtr - ty=0 — y 27T,

Z DIEREEUE Milnor R7 ) VIR IF=IF L b5 . ZOEHDFRIIIHVTEL WD, Z Dk
RERBRXOFHEFNISETHETH 7. D LZ2ORREADTHIRRTEIR, ERNRERIE SN
%. FEBE, Milnor[Mil2] 3ZEMNZIBEMZREXOFRBEE L THHEL, LA ALRTREOITW5.

ZIT, KT UEZ OFMLTELNS 3XILEREICH LT, StREO 7 VY X6k 52, fle
5. LT, MUOH K CSP LT, Mg %2 KEOFHLTEOND 3RILZHRIAL §5. H (Mg;7) =
H.(S? x S, 7) WCHEEL, 28 m(Mk) - 2 2 —2BEET 2. ROMEWFEELTEIS ¢

W 6.2. My — S3\ K R ERKERE L 35, Hy(Mg;Q) = Q OAERITCIZRECE K O [, TREX
N2, %7 H(Mg;Q) & Hy(My; Q) CREITH 3. 12, Hi(My; Q) 3HRXITLTH .

SEBR.  Ho(Mg;7Z) = 013 X < HISRTWS ([Lic] H5M). My 13 Mg Upyst R x D2 & R, 22T U
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Mayer-Vietoris 5224 & D Hy(My;Q) bZ5TH 3. koT, IAF—DEM65 kY Hy(Mg:; Q) =Q ¥
72 % . Mayer-Vietoris 524241 & D AERUCIZMIR [ TIRESNBZHHBMY | Hy (My; Q) = Hy(Mx; Q) b5

AR 6.3. Milnor [Mill] IZXDHEMMARTV » Z7dEFERL., ZOIERMEZHE TV .

—: H (Mg, 0(Mg);Q)®% —s H* (Mg, d(Mk); Q) = Q. (2)
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TIHARE m) (M) DFLBEGZ & 5. Wi 2.5 OFRTRR S, m (53 \ K) O (x 2 HWT, m (Mg) D
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(3

R m (M) DERTEEDBICHERHET 2. kez LT, 2P 288z, oav—r53. M %
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K2, Mg @ (2 XRUTFO) BkEdEE 52 2. &2 THET 35T, Gabal BEOMERIC L 5T My 28
Eilenberg-MacLane ZEfITH 2 HICRSZ 5. FC, ZOKEWE Mx 25 ThH 3. fitoT, Fl(MK) DEE
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Il DRT7Z Y (f@ ) (T(Ig)) IFLW. DF D

(fxfllk) = (f@ f)(T(k)) €Q.
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k=1 k=1
n—1 n
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GATH, R L DIEEL*)
J:={{o0, 1}, {1,0}}
H:={{1},{1}}

(BRI — %)

ExpandOperation[a_] := ExpandAll[a]
ExpandOperation[NonCommutativeMultiply[x___, 0, y___1] := 0
ExpandOperation[NonCommutativeMultiply[x___, 1, y___]1]

:= ExpandOperation[NonCommutativeMultiply [x,y]]
ExpandOperation[NonCommutativeMultiply[x___, 1°(-1), y___1]

:= ExpandOperation[NonCommutativeMultiply[x, yIl]
ExpandOperation[h_Plus] := Map[ExpandOperation, h]
ExpandOperation[h_Times] := Map[ExpandOperation, h]

———, b_Plus, c___]]
:= Distribute[h[a, b, c], Plus, h, Plus, ExpandOperation[h[##]] &]

ExpandOperation[(h : NonCommutativeMultiply) [a



SetAttributes [ExpandOperation, Listablel

GEHR B DT DFEDE )
TransitionMatrixMultiply[x_, y_]
:= ExpandOperation[Inner [NonCommutativeMultiply, x, y, Plus]]
TransitionMatrixMultiply([x_, y_, z__]
:=TransitionMatrixMultiply[TransitionMatrixMultiply[x, y], z]
SetAttributes[TransitionMatrixMultiply, {Flat, OneIdentity}]

(HEER L DATHI D BRI DTE #ex)
TransitionMatrixPower[m_, 0] := IdentityMatrix[2]
TransitionMatrixPower[m_,1]:=m
TransitionMatrixPower [m_,-1] :=Inverse[m]
TransitionMatrixPower[m_, n_Integer]

:= Apply[TransitionMatrixMultiply, Table[TransitionMatrixPower[m,Sign[n]], {i, Abs[n]}]]

(R IV ORFRIA D E )
TransitionVectorMultiply[x_, y_]
:= {{Part[x,1,1]**Part(y,1,1]},{Part[x,2,1]**Part[y,2,1]1}}
TransitionVectorMultiply([x_, y_, z__]
:=TransitionVectorMultiply[TransitionVectorMultiply[x, y], z]
SetAttributes[TransitionVectorMultiply, {Flat, OneIdentity}]

Gk 1T X ¥ TNEE )

(xaiZ (a_1l,...,an) &, BiZb_1,...,b_(n-1)) &, yIZ (c_1,...,c_(n-1)) BfLA*)
GLLTIZ 7_5 OBED A S1fl*)

n=3

\[Alphal = {{-1},{-13},{-1},{3, {3, {3, {3}

\[Beta] = {{-1},{-1},{3,{},{},{3}

\[Gamma] = {{-1},{-13},{},{},{3, {3}

()n X ¥ ZNDEGEDRNGE ((y[11,z[11), ..., (y[n-11,z[n-1]1)) FH8x*)
x[0]=1
x[n]=1
Tablel
TransitionVectorMultiply[
Apply[TransitionVectorMultiply,
Table[

TransitionMatrixMultiplyl[
TransitionMatrixPower [J,Sum[Part [\ [Gamma],1,1],{1,j-1}]11,
TransitionMatrixPower [{{0,x[j]1},{17(-1),0}},Part [\ [Gamma],j,1]],
H

1,

{j, i-1}]
1,
TransitionMatrixMultiply[
TransitionMatrixPower [J,Sum[Part[\[Gamma],j,1],{j,i-1}1],



TransitionMatrixPower [{{0,x[i-1]1},{x[i]1~(-1),0}},Part [\ [Alphal,i,1]1],
H
1,
TransitionMatrixMultiply[
TransitionMatrixPower [J,Sum[Part [\ [Gamma],j,1],{j,i-1}]
+Part [\ [Alphal,i,11],
TransitionMatrixPower [{{0,1},{x[i]"(-1),0}},Part[\[Betal,i,1]1],
H
1,
TransitionMatrixMultiply[
TransitionMatrixPower [J,Sum[Part [\ [Gamma],j,1],{j,i-1}]
+Part [\ [Alphal,i,1]
+Part [\ [Betal,i,1]],
TransitionMatrixPower [{{0,x[i+1]},{x[i]"(-1),0}},Part[\[Alphal,i+1,1]],
H
1,
Apply[TransitionVectorMultiply,
Table [
TransitionMatrixMultiply[
TransitionMatrixPower [J,Sum[Part [\ [Gamma],1,1],{1,i-1}]
+Part [\ [Alpha],i,1]
+Part [\ [Betal ,i,1]+Part[\[Alpha],i+1,1]
+Sum [Part [\ [Gamma] ,1,1],{1,i}]
-Sum[Part [\ [Gamma] ,1,1],{1,i-k}]],
TransitionMatrixPower [{{0,1},{x[i-k]~(-1),0}},Part [\ [Gamma],i-k,1]],
H
1,
{k,0,i-13}]

]
’{1 ,n_l}]
ClearAll[x]

48 B Milnor X7V I DHEDY —XI—FK

ORI RETL vV 2D RT X — X ZFTHATex)

(x*alZ (a_1,...,a_n) &, BICb_1,...,b_(n-1)) %, yiT (c_1,...,c_(n-1)) ZfCA%)
(kB> T INED 9_25 DIFEDIRT X — R *)

\[Alphal={-1,-1,-2,1,1}

\[Beta]={0,0,-1,0}

\ [Gamma]={0,-1,-2,0}

RBNFEDIRTFRY P L, $5EAR T S L2 RER)
T=Length [\ [Alpha]]
Part [\ [Gamma] ,0]=0



DualBasis[i_] :=Joinl[

ArrayReshape [

Table[

Table [

Mod [

Boole[Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,j-1}],2]==0]*j*Boole [Mod [k,2]==(1+Sign[Part [\ [Gamma], j1])/2]+
Boole [Mod [Sum[Part [\ [Gamma] ,m],{m,0, j-1}],2]==1]*j*Boole [Mod [k,2]==(1-Sign[Part [\ [Gamma], j1]1)/2]
,T]

,1k,Abs [Part [\ [Gamma] ,j]1]13}]

,1j,0,i-1}]

,{Sum[Abs [Part [\ [Gamma] ,1]],{1,0,i-1}]}],

Table[

Mod [

Boole[Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}],2]==0]*(i-Boole [Mod [k,2]==(1+Sign[Part [\ [Alphal,i]])/2])+
Boole [Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}],2]==1]*(i-Boole[Mod [k,2]==(1-Sign[Part [\ [Alphal,il])/2])
»T]

,{k,Abs[Part[\[Alphal,il113}]1,

Table[

Mod [

Boole[Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,1i-1}]1\\

+Part [\ [Alpha],i],2]==0]*i*Boole [Mod[k,2]==(1-Sign[Part [\ [Betal,i]])/2]+

Boole [Mod [Sum [Part [\ [Gamma] ,m] ,{m,0,i-1}]\\

+Part [\ [Alpha],i],2]==1]*i*Boole[Mod [k,2]==(1+Sign[Part [\ [Betal,i]l])/2]

,T]

,{k,Abs [Part [\ [Betal ,i]]1}],

Table[

Mod [

Boole[Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}]1\\

+Part [\ [Alphal] ,i]+Part [\ [Betal,i],2]==0]*(i+Boole [Mod[k,2]==(1+Sign[Part [\ [Alphal ,i+1]]1)/2])+
Boole [Mod [Sum [Part [\ [Gamma] ,m] ,{m,0,i-1}]\\

+Part [\ [Alpha],i]+Part [\ [Beta]l ,i],2]==1]1*(i+Boole [Mod[k,2]==(1-Sign[Part [\ [Alphal,i+1]1)/2])

,T1

,{k,Abs[Part [\ [Alphal ,i+1]1]1}],

ArrayReshape [

Table[

Table[

Mod [

Boole [Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}]+Part [\ [Alpha],i]+Part [\ [Betal,il+Part [\ [Alpha],i+1]\\
+Sum[Part [\ [Gamma] ,m] ,{m,i,i-j+1,-1}],2]1==0]*(i-j)*Boole[Mod[k,2]==(1-Sign[Part [\ [Gamma] ,i-j]]1)/2]+
Boole [Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}]+Part [\ [Alpha],i]+Part [\ [Beta],i]+Part [\ [Alphal,i+1]+\\
Sum[Part [\ [Gamma] ,m] ,{m,i,i-j+1,-1}],2]==11*(i-j)*Boole[Mod[k,2]==(1+Sign[Part [\ [Gamma],i-j11)/2]
,T]

,{k,Abs [Part [\ [Gamma] ,i-j]1]1}]

,1j,0,1i}]

,{Sum[Abs[Part [\ [Gamma],1]],{1,i,1,-1}1}]

]



DualIndex[i_] :=Join[

ArrayReshape [

Table[

Table [

Boole [Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,j-1}],2]1==0]*(-1) "~ (k+1)+

Boole[Mod [Sum[Part [\ [Gamma] ,m],{m,0,j-1}],2]==1]1*(-1)"k

,{k,Abs[Part [\ [Gamma] , j1]}]

,{j,0,i-1}]

,{Sum[Abs [Part [\ [Gamma] ,1]1]1,{1,0,i-1}1}]1,

Table[

Boole[Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}],2]==0]*(-1) "~ (k+1)+

Boole[Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}],2]==11%(-1) "k

,{k,Abs[Part[\[Alphal,il113}]1,

Table[

Boole[Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}]+Part [\ [Alpha],i] ,2]==0]*(-1) " (k+1)+

Boole[Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}]+Part [\ [Alpha],i],2]==1]*(-1)"k

,{k,Abs [Part [\ [Betal ,i1]1}],

Table[

Boole [Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}]+Part [\ [Alpha],i]+Part [\ [Beta] ,i],2]==0]*(-1) " (k+1)+
Boole[Mod [Sum[Part [\ [Gamma] ,m],{m,0,i-1}]+Part [\ [Alpha],i]l+Part [\ [Beta],i],2]==1]*(-1)"k
,{k,Abs[Part [\ [Alphal,i+1]1]1}],

ArrayReshape [

Table[

Table[

Boole [Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}]+Part [\ [Alpha],i]+Part [\ [Beta],i]+Part [\ [Alphal,i+1]\\
+Sum[Part [\ [Gamma] ,m] ,{m,i,i-j+1,-1}],2]==0]*(-1) "~ (k+1)+

Boole [Mod [Sum[Part [\ [Gamma] ,m] ,{m,0,i-1}]+Part [\ [Alphal,i]+Part [\ [Betal,il+Part [\ [Alpha],i+1]\\
+Sum[Part [\ [Gamma] ,m] ,{m,i,i-j+1,-1}],2]==1]1*(-1)"k

,{k,Abs [Part [\ [Gamma] ,i-j]1]1}]

,{3,0,i}]

,{Sum[Abs [Part [\ [Gamma] ,1]],{1,i,1,-1}]1}]

]

(KRR DET )

A=ArrayReshape [Table [{DualBasis[i] ,DualBasis[i+1] ,Reverse[DualBasis[i]],\\
Reverse[DualBasis[i+1]]},{i,1,T-2,2}],2Sum[Length[DualBasis[i]],{i,1,T-1}]]
B=ArrayReshape [Table [{DualIndex[i] ,DualIndex[i+1],Reverse[-DualIndex[i]],\\
Reverse[-Duallndex[i+1]]},{i,1,T-2,2}],2Sum[Length[DualBasis[i]],{i,1,T-1}]1]

(*Milnor 7V ¥ 7 L ATHIR D E*)

n=Length[A]

M=DiagonalMatrix[Table[Sum[(1-Part[B,k])/2\\

*Abs [Part [Table[Part[B,i]*Boole[Part[A,i]l==h],{i,n}],k]],{k,n}],{h,T-1}11\\

-Sum [ (Part [B,m] ) *Table [Boole[Part [A,m]==g]\\

*xSum [Part [Table [Part [B,i]*Boole[Part[A,i]==h],{i,n}],1],{1,m}],{g,T-1},{h,T-1}],{m,n-13}]
MatrixForm[M]

TeXForm[M]



Det [M]

(RTRALE *)
ClearAll [DualBasis]
ClearAll [DualIndex]
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